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We study, by means of the density-matrix renormalization group (DMRG) technique, the evolution
of the ground state in a one-dimensional topological insulator, from the non-interacting to the
strongly-interacting limit, where the system can be mapped onto a topological Kondo-insulator
model. We focus on a toy model Hamiltonian (i.e., the interacting “sp-ladder” model), which could
be experimentally realized in optical lattices with higher orbitals loaded with ultra-cold fermionic
atoms. Our goal is to shed light on the emergence of the strongly-interacting ground state and its
topological classification as the Hubbard-U interaction parameter of the model is increased. Our
numerical results show that the ground state can be generically classified as a symmetry-protected
topological phase of the Haldane-type, even in the non-interacting case U = 0 where the system
can be additionally classified as a time-reversal Z2-topological insulator, and evolves adiabatically
between the non-interacting and strongly interacting limits.
PACS numbers: 75.10.Kt, 71.27.+a, 75.30.Mb, 75.10.Pq
Introduction. The search for novel states of matter
with nontrivial topology has become an exciting pursuit
in condensed matter physics [1–4], and have opened a
promising new path towards fault-tolerant quantum com-
putation [5]. An important theoretical progress has been
made in recent years with a complete classification of
insulating/superconducting topological free-fermion sys-
tems in terms of dimensionality and global symmetries
of the Hamiltonian [6–8]. However, a key open question
is how to extend this classification to interacting phases.
For instance, it has been shown recently that in one spa-
tial dimension (1D) interactions can completely modify
the free-fermion topological classification [9, 10].
Topological Kondo insulators (TKIs) are a particu-
lar class of strongly-interacting heavy-fermion materi-
als where this question naturally appears [11–13]. In
Refs. [11–13], it was suggested that samarium hexaboride
(SmB6), a narrow-gap Kondo insulator known for more
than 40 years, should be reinterpreted as a TKI, generat-
ing a great deal of excitement. However, despite the exis-
tence of supporting evidence for the TKI scenario [14–17],
the nature of the insulating state of SmB6 has recently
been put under debate [18–21], and more theoretical and
experimental work is needed to fully understand it.
From a different perspective, atomic, molecular and
optical (AMO) systems have become an important tool
to study strongly-correlated topological phases, thanks to
the recent progress in experimental techniques. In partic-
ular, cold atoms loaded into higher-orbital optical lattices
with nontrivial band-structure topology have opened a
new front in the pursuit of novel phases of matter, both
from the theoretical [22–26] and the experimental [27–30]
point of view. The topology of p-orbital bands combined
with interaction effects leads to interesting physical sys-
tems [31], among which a predicted “Chern Kondo in-
sulating” phase in 2D optical lattices [26], and robust
topological states in strongly interacting ladder-like op-
tical lattices in 1D [25], could be relevant to understand
the nature of the insulating state of TKIs.
As an attempt to better understand the properties
of bulk TKIs, Alexandrov and Coleman proposed re-
cently a 1D toy-model for a TKI (i.e., a “p-wave” Kondo-
Heisenberg lattice) [32]. Analyzing the symmetries of this
model in the mean-field approximation, these authors ar-
gued that it should be classified as a class-D insulator, ac-
cording to the free-fermion topological classes [6–8]. Soon
after, using Abelian bosonization, density matrix renor-
malization group (DMRG), and quantum Monte Carlo
techniques, the ground state of 1DTKIs was identified
as a Haldane-type insulating phase [33–37], which has
no evident connection to the non-interacting topologi-
cal classes of Refs. [6–8]. This result came as a sur-
prise, as the Haldane phase is a paradigmatic topological
phase in one dimension, originally associated to the spin-
1 antiferromagnetic chain, and is the simplest example of
a symmetry-protected topological (SPT) phase [38–42].
More importantly, the results in Ref. [33–37] put in evi-
dence the risk of using mean-field approaches to interpret
the properties of strongly-interacting topological phases.
Motivated by these developments, in this work we
study, by means of the DMRG technique, the effect of
correlations on (an otherwise non-interacting) 1D Z2-
topological band insulator, the 1D “sp−ladder” model
(see Fig. 1). Specifically, we study the evolution of its
ground state from the non-interacting to the strongly-
interacting limit, where the model can be mapped onto
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2Figure 1: (color online) (a) Scheme of a realization of the
sp-ladder model using the 2D laser potential V (x, y) =
Vx sin
2 (kx) + V1 sin
2 (ky) + V2 sin
2 (2ky + φ) [25]. Asymmet-
ric double-well potentials along the yˆ axis, with s(p) orbitals
at position y = 0 (y = a), generate a s-(p-) chain in the xˆ
direction. (b) Tight-binding approximation of V (x, y), where
only the s and p orbitals are kept, generating the sp-ladder
structure.
the “p-wave” Kondo-Heisenberg model, and supports a
Haldane-type ground state. We compute the entangle-
ment entropy, entanglement spectrum, and the string-
order parameter of the system, which are quantities typ-
ically used to characterize the Haldane phase [41, 42], as
our interaction parameter (i.e., a local Hubbard-U pa-
rameter) is continuously varied. In addition, we com-
pute the charge- and spin-excitation gaps, and the charge
and spin profiles of the topologically-protected end states
as a funcion of U . Our results show an adiabatic evo-
lution of all ground-state properties as the interaction
parameter U is increased, and the absence of topo-
logical quantum phase transitions (TQPT), suggesting
that the ground state can be generically classified as
a symmetry-protected topological phase (SPT) of the
Haldane-type, even in the non-interacting case U = 0
where the system can be additionally classified as a time-
reversal Z2-topological insulator. This finding is surpris-
ing, as these two ground states are usually considered to
be qualitatively different, and naively a TQPT separat-
ing these phases could be expected. Our results are in
stark contrast to the situation usually found in higher-
dimensional TKIs, where the interaction U destabilizes
the non-interacting topological phase and induces gap-
closing TQPTs at critical values of U separating topo-
logically distinct phases [11, 12, 26, 43, 44]. Moreover,
our conclusions differ from recent related studies per-
formed on the same model using projective quantum
Monte Carlo techniques [37], where the authors conclude
that the interaction U breaks the adiabatic continuity
of the groundstate, despite the fact that their numerical
results are consistent with ours.
Theoretical model. Let us consider, for concrete-
ness, ultracold fermions (for instance, 6Li or 40K) loaded
into the optical lattice of Fig. 1(a). This situation
could be achieved by means of the 2D laser potential
V (x, y) = Vx sin
2 (kx) + V1 sin
2 (ky) + V2 sin
2 (2ky + φ) ,
for V1, V2  Vx [25]. In that limit, the system can be de-
scribed as a collection of asymmetric double-wells form-
ing two-leg ladders in the xˆ direction, with relative depth
of the two wells controlled by the phase φ. We will fo-
cus on the case where the s orbitals in one leg and the
px orbitals in the other leg are roughly degenerate. As-
summing orbitals well localized at the minima of the po-
tential, we truncate all other states in the description,
and focus on the single-ladder diagram of Fig. 1(b). It
can be seen that, due to their different parity, the direct
overlap between s and px orbitals on the same rung j van-
ishes, i.e., 〈sjσ|pjσ〉 = 0, while the overlap between next
nearest-neighbor in different chains has p−wave symme-
try, i.e., 〈sjσ|pj+1σ〉 = −〈sjσ|pj−1σ〉 [hence the different
sign of the inter-chain hopping tsp in Fig.1(b)].
We therefore model an interacting open-end sp−ladder
with L sites (i.e., rungs) as H = Hs + Hp + Hsp +
HU , where Hs = ts
∑L−1
j=1
∑
σ
(
s†jσsj+1σ + H.c.
)
and
Hp = −tp
∑L−1
j=1
∑
σ
(
p†jσpj+1σ + H.c.
)
describe the
legs of the ladder, which are connected via Hsp =
tsp
∑L
j=1
∑
σ
[
s†jσ (pj+1σ − pj−1σ) + H.c.
]
. The opera-
tor sjσ (pjσ) annihilates a fermion with spin projec-
tion σ in the s (px) orbital at rung j, and n
s(p)
jσ is
the corresponding number operator. To account for
the topological protected edge states, we consider open
boundary conditions. Finally, the Hubbard interaction
HU = U
∑L
j=1
(
nsj↑ − 12
)(
nsj↓ − 12
)
, which can be phys-
ically produced and controlled in a cold-fermion setup
via Feshbach resonances, is assumed to exist only in
the s−orbitals, as we eventually want to make contact
with the physics of strongly-interacting Kondo insula-
tors. This model is closely related to the (interact-
ing) Shockely-Tamm [45, 46] or Creutz-Hubbard ladder
[47, 48] models, and is such that when U = 0 it describes
a time-reversal invariant Z2-topological band-insulator
[1, 37], and when U  ts, tsp it can be mapped via a
canonical transformation onto the 1D p−wave Kondo-
Heisenberg model, with Kondo and Heisenberg exchange
couplings JK = 8t2sp/U and JK = 4t2s/U , respectively,
and where the ground state is a SPT phase of the Hal-
dane type [34]. In what follows, ts will be the unit of
energies.
We now focus on the ground-state properties of H
at, or near to, half-filling, i.e., when there are N = 2L
fermions in the system. For U = 0, the topological fea-
tures can be easily understood in the “flat-band” case
ts = tp = tsp = t, where H can be written in terms
3of the new fermionic operators γ±,jσ = 1√2 (sjσ ± pjσ)
as Hflat = 2t
∑L−1
j=1,σ
(
γ†−,jσγ+,j+1σ + H.c.
)
(see Supple-
mental Material A). The topologically-protected edge-
modes in this representation are particularly simple, cor-
responding to the operators γα,σ (with subindex α =
{+, 1} or α = {−, L}), which drop from the Hamil-
tonian and therefore correspond to zero-energy modes
completely localized at the ends [25, 47, 49]. In that
case, we expect four degenerate states per end (e.g., the
states|0〉α , |↑〉α , |↓〉α , and |↑↓〉α generated by the appli-
cation of γ†α↑ and γ
†
α↓). When U is turned on, this 4-fold
degeneracy is locally split due to the on-site repulsion,
and the states |0〉α , |↑↓〉α become excited states while
|↑〉α , |↓〉α span the ground state.
DMRG results. Following standard DMRG proce-
dures [50], we have implemented the Hamiltonian H with
open boundary conditions, keepingm = 600 states on ev-
ery DMRG iteration, which leads to a truncation error
less than O
(
10−9
)
and to numerical errors in the subse-
quent figures much smaller than symbol size.
As shown in seminal works [10, 41, 42, 51, 52], the
entanglement entropy and entanglement spectrum can
be used to characterize SPT phases, such as the Hal-
dane phase. In particular, it was shown that the Hal-
dane phase is characterized by an even-degenerate en-
tanglement spectrum [41]. The entanglement spectrum
is obtained calculating the eigenvalues Λi of the re-
duced density-matrix of the system ρˆL/2, obtained trac-
ing out one half of the system, and the corresponding
entanglement (or von Neumann) entropy is s (L/2) =
−Tr{ρˆL/2 ln ρˆL/2} = −∑i Λi ln Λi [53]. A crucial obser-
vation is that the degeneracy of the entanglement spec-
trum in a SPT phase cannot change without a bulk phase
transition, where the nature of the ground state must
change abruptly or where the correlation length must
diverge due to the closure of a bulk gap [10]. More-
over, the occurrence of a gap-closing TQPT separating
topologically distinct phases should be accompanied by
a logarithmic divergence of the entanglement entropy
s (L/2) ∼ k ln (L) + const at the critical point [53].
In order to investigate for the existence of a bulk
TQPT, we have computed: (a) the entanglement spec-
trum, (b) the entanglement entropy, (c) the charge- and
spin-excitation gaps, and (d) the string order parameter
of sp−ladders ranging from L = 20 to 80, total number
of fermions N =
(
N↑ +N↓
)
, and total spin projection
Sz = 12
(
N↑ −N↓). Unless otherwise stated, we have
used the parameters tp/ts = pi/10, tsp/ts = 1, in order
to recover the results obtained for the p-wave Kondo-
Heisenberg model studied in Ref. [34] when U → ∞.
In Fig. 2(a) we show the evolution of the largest
eigenvalues Λi of the entanglement spectrum and in Fig.
2(b) the corresponding entropy s (L/2). The charge- and
spin-excitation gaps in the 1D bulk, defined as ∆c (L) ≡
E0 (S
z = 0, N = 2L+ 4) − E0 (Sz = 0, N = 2L) and
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Figure 2: (color online) (a) Largest eigenvalues Λi of the en-
tanglement spectrum as a function of U , for different lattice
sizes. (b) Entanglement entropy of the reduced density ma-
trix, s (L/2), as function of U for different lattice sizes. (c)
Spin and charge gap extrapolated to the thermodynamic limit
L → ∞. (d) String order parameter Ozstring as function of U
for different system-sizes.
∆s (L) ≡ E0 (Sz = 2, N = 2L) − E0 (Sz = 0, N = 2L),
respectively, where E0 (Sz, N) is the energy of the
ground state |ψ0 (Sz, N)〉, are shown in Fig. 2(c), where
we have extracted the values of ∆c (L) and ∆s (L) in
the thermodynamic limit L → ∞ by the means of a
finite-size scaling.
All of our results show a smooth and continuous evo-
lution as U is varied, without any signature of a TQPT
as the system size is increased. In particular, the even-
degenerate character of the entanglement spectrum is
preserved [see Fig. 2(a)], despite the continuous breaking
of the degeneracy existing at U = 0 into two branches,
presumably corresponding to lower-lying spin and higher-
lying charge degrees of freedom. This is substantiated by
the behavior of ∆c (L) and ∆s (L) shown in Fig. 2(c),
where the degeneracy of the charge and spin sectors at
U = 0 is broken in a continuous fashion, and excitations
become fractionalized into low-lying spin and high-lying
charge excitations. The entanglement entropy s (L/2),
shown in Fig. 2(b), does not present any divergence as
the system size increases, and is bounded from below
by smin = ln (2) ' 0.693, the entropy of the Affleck-
Kennedy-Lieb-Tasaki (AKLT) state corresponding to the
2 degenerate end-states |↑〉 , |↓〉 [41]. At U = 0, a sim-
ilar lower-bound is given by the flat-band state, i.e.,
smin = ln (4) ' 1.386, related to the 4 aforementioned
degenerate end states.
In order to further clarify the crossover, we have
calculated the string correlator Ozstring (l −m) =
−
〈
T zl e
ipi
∑
l<j<m T
z
j T zm
〉
, a non-local quantity that char-
acterizes the breaking of the Z2 × Z2 hidden symme-
try of the Haldane phase [40]. In Fig. 2(d) we plot
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Figure 3: (color online) (a) Charge and (b) spin profiles cor-
responding to a ladder with L = 80 sites and open boundary
conditions, and for different values of U . Only the left end is
shown in both cases. All profiles have been computed within
the Sz = 0 sector, except for U = 0 where in addition we
show the Sz = +1 profiles (represented by green crosses).
the string order parameter Ozstring (i.e., the asymptotic
value of the string correlator Ozstring (l −m) in the 1D
bulk, taking m = L/2 and l = L/2 + d in order avoid
the effect of the boundaries) as a function of U . Again
we see a smooth and continuous adiabatic crossover be-
tween the non-interacting and strongly-interacting lim-
its. Strikingly, although this quantity has been tradi-
tionally used to characterize strongly-interacting phases,
here we show that it yields a finite value for all values of
U , even for U = 0, where the system has no net magnetic
moments due to strong charge fluctuations. This finite
value of Ozstring for U = 0 can be independently obtained
by an analyical calculation in the flat-band case, which
yields the exact result Ozstring (l −m) = 1/16 = 0.0625
for |l −m| > 2 (see Supplementary Material A). The
same value is obtained with DMRG with a relative error
O
(
10−13
)
.
We now turn to the evolution of the topologically pro-
tected end-states. We focus on the spatial spin pro-
file, defined as
〈
T zj
〉 ≡ 〈ψ0 (Sz, N) |T zj |ψ0 (Sz, N)〉, where
Tj ≡ ssj + spj , is the total spin operator on the j-th
rung, with saj ≡ a†jµ
(σµ,ν
2
)
ajν the spin-density of a-
fermions (a = {s, p}), and σµ,ν the vector of Pauli
matrices (summation over repeated spin indices is im-
plicit here). Invoking the SU (2) spin-symmetry of the
model, in what follows we will only compute the nu-
merically simpler z-component. Similarly, we define the
(difference in the) spatial charge profile as 〈∆nj〉 ≡
〈ψ0 (Sz, N) |nj |ψ0 (Sz, N)〉 − n0, where nj ≡ nsj + npj
is the total charge operator on rung j, and where we
have substracted the uniform background at half-filling
n0 = N/L = 2. In Fig.3(a) and (b) we plot
〈
T zj
〉
and
〈∆nj〉 for different values of U at half filling N = 2L,
and for different Sz subspaces compatible with this fill-
ing (i.e., Sz = 0 and Sz = ±1). Note that we only show
the profiles at the left end. Since the quantum numbers
Sz and N must be specified in the DMRG calculation,
one must be careful in the interpretation of the profiles
at U = 0, due to the 4-fold degeneracy. For Sz = 0, the
DMRG procedure selects a ground state with a holon
and a doublon end-state (i.e., either |0〉L ⊗ | ↑↓〉R or
| ↑↓〉L ⊗ |0〉R), which has a vanishing spin profile [see
light blue circles in Figs. 3(a) and (b)]. However, for
Sz = +1, the end-state combination | ↑〉L ⊗ | ↑〉R, which
has free spin-1/2 end-states but a uniform charge profile
[see green crosses in Figs. 3(a) and (b)], is selected in
the ground state [54]. However, our results are fully con-
sistent with the presence of free-fermion end-states of a
finite Z2 topological insulator. Interestingly, as soon as
the interaction U is turned on (see violet square symbols
corresponding to U/ts = 0.1), due to the higher energy
of charge excitations, the charge profile “freezes” into the
uniform configuration 〈nj〉 = n0 = 2, or equivalently
〈∆nj〉 = 0, which is physically consistent with the adia-
batic emergence of a Mott-insulating state at half-filling
[33, 34]. The only surviving end-state at finite U is there-
fore the spin end-state, which continuously crosses-over
into the usual Haldane spin-1/2 end-states [40].
The adiabatic evolution of the ground state described
here could be ideally tested in ultracold 6Li or 40K gases,
using recent fermionic “quantum-gas microscopes”, which
allow to obtain the full spin and charge density distri-
butions with single-atom resolution [55–59]. Thanks to
their high-resolution, such techniques have been used re-
cently to extract non-local correlation functions, such as
the string-correlation function, in balanced spin-mixtures
of 6Li atoms trapped in an asymmetric 2D optical lattice
simulating a 1D Fermi-Hubbard model [60], and could
potentially be used to probe their evolution as the inter-
action parameter is varied using Feshbach resonances.
Conclusions. Our work sheds light on the concep-
tually relevant question of the classification of strongly-
interacting topological phases and their connection to
the free-fermion topological classes. Based on the even-
degeneracy of the entanglement spectrum for all val-
ues of the interaction U , we conclude that the ground
state of the system can be generically classified as a
SPT Haldane-type phase, even in the non-interacting
case U = 0, where the system additionally admits the
usual classification as a non-interacting time-reversal Z2-
topological insulator [1]. We hope our work will trigger
more theoretical and experimental research in this direc-
tion.
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Appendix A: Supplemental Material for “Topological Kondo insulators in one dimension: Continuous
Haldane-type ground-state evolution from the strongly-interacting to the non-interacting limit”
Calculation of the string-correlator for a non-interacting flat-band sp ladder
In this Supplemental Material we give details on the calculation of the string correlator Ozstring (l −m) in the non-
interacting case U = 0 and for flat-band parameters ts = tp = tsp = t. This analytical result is striking since, despite
the absence of well-defined magnetic moments in the system due to charge fluctuations, it shows that time-reversal
Z2topological band-insulators can have a non-vanishing value of Ozstring (l −m), a quantity typically associated to the
strongly interacting Haldane phase.
As mentioned in the main text, in the flat-band case the Hamiltonian reads
Hflat = t
L−1∑
j=1
∑
σ
[(
s†jσ − p†jσ
)
(sj+1σ + pj+1σ) +
(
s†j+1σ + p
†
j+1σ
)
(sjσ − pjσ)
]
= 2t
L−1∑
j=1,σ
(
γ†−,jσγ+,j+1σ + H.c.
)
,
where
γ±j,σ =
sj,σ ± pj,σ√
2
. (A1)
This Hamiltonian can be diagonalized using the basis:
B†j,j+1,σ =
γ†−,jσ + γ
†
+,j+1σ√
2
, (A2)
A†j,j+1,σ =
γ†−,jσ − γ†+,j+1σ√
2
, (A3)
which defines new “sites” along the diagonal rungs, and in terms of which the Hamiltonian writes
Hflat =− 2t
L−1∑
j=1,σ
(
A†j,j+1,σAj,j+1,σ −B†j,j+1,σBj,j+1,σ
)
.
The groundstate of a system with N = 2L particles (i.e., half-filling), where the boundary modes are occupied with
fermions γ†+,1s, γ
†
−,Ls′ can be expressed as
|ψ0 (s, s′)〉 =

L−1∏
j=1
∏
σ
A†j,j+1,σ
 γ†+,1sγ†−,Ls′ |0〉 . (A4)
The contribution inside the curly brackets corresponds to the gapped 1D bulk, while the last two terms are the
end-states.
We now focus on the string correlator
Ozstring (l −m) ≡ −
〈
T zl e
ipi
∑
l<j<m T
z
j T zm
〉
(A5)
7where
T zj =
nsj,↑ − nsj,↓ + npj,↑ − npj,↓
2
=
n+,j↑ − n+j,↓ + n−,j↑ − n−,j↓
2
, (A6)
where we have defined n±,jσ = γ
†
±,jσγ±,jσ. Since all the operators T
z
j inside the expression T zl e
ipi
∑
l<j<m T
z
j T zm
commute, we compute the average of T zl T
z
me
ipi
∑
l<j<m T
z
j instead. Therefore, we first operate with the string on the
ground state |ψ0 (s, s′)〉. To that end it is useful to recall the commutation relation
eiαc
†cc† = c†eiα(c
†c+1), (A7)
which arises from the fermionic commutation relation
[
c†c, c
]
= c†. Using this relationship, we compute the effect of
the string on the operator Ak,k+1,σ:
eipi
∑j=m−1
j=l+1 T
z
j Ak,k+1,σ =
(
γ†−,kσe
iσ pi2 [Θ(k−l−1)−Θ(k−m+1)] − γ†+,k+1σeiσ
pi
2 [Θ(k−l)−Θ(k−m+2)]
√
2
)
eipi
∑j=m−1
j=l+1 T
z
j , (A8)
where we have defined the unit step function as:
Θ (j) =
{
1 for j ≥ 0,
0 for j < 0.
We see that the effect of the string is to introduce a phase factor eiσ
pi
2 on every creation operator γ†±,kσ which verifies
l + 1 ≤ k ≤ m − 1. When both operators γ†+,kσ and γ†−,k+1σ inside the definition (A3) are affected by the string,
the phase factors for spin σ =↑ and σ =↓ compensate and cancel out as a consequence of the SU(2) symmetry of the
ground state, and therefore the original operator Ak,k+1,σ is restored. However, note that for Al,l+1,σ and Am−1,m,σ,
this is not possible and therefore after the action of the string, and a phase factor remains and we cannot restore
Al,l+1,σ nor Am−1,m,σ. In the thermodynamic limit L→∞, and assuming |l −m| > 2 with l and m deep in the 1D
bulk, we can neglect the effect of the boundaries and therefore we can write
eipi
∑j=m−1
j=l+1 T
z
j |ψ0 (s, s′)〉 =
{∏
σ
(
γ†−,lσ − eiσ
pi
2 γ†+,l+1σ√
2
)(
eiσ
pi
2 γ†−,m−1σ − γ†+,mσ√
2
)}
×

L−1∏
j 6={l,m−1}
∏
σ
A†j,j+1,σ
 γ†+,1sγ†−,Ls′ |0〉 , (A9)
where in the first brackets we have singled out the operators which cannot be restored into the original form Ak,k+1,σ,
while in the last brackets we have regrouped the rest of the unaffected operators.
Now let us focus on the effect of T zl T
z
m. Since T zl and T
z
m are local operators acting on sites l and m respectively,
the four operators Al−1,l,σ,Al,l+1,σ and Am−1,m,σ,Am,m+1,σ, two of which have already been modified by the string,
will be affected. Remember that we are assuming |l −m| > 2, otherwise some of these operators will coincide. It is
convenient to single out these four terms and write (A9) as
eipi
∑j=m−1
j=l+1 T
z
j |ψ0 (s, s′)〉 =
{∏
σ
(
γ†−,l−1σ − γ†+,lσ√
2
)(
γ†−,lσ − eiσ
pi
2 γ†+,l+1σ√
2
)
(A10)
×
(
eiσ
pi
2 γ†−,m−1,σ − γ†+,mσ√
2
)(
γ†−,mσ − γ†+,m+1σ√
2
)}
×A†s,s′ |0〉 (A11)
=
{∏
σ
(
γ†−,l−1,σγ
†
−,lσ − γ†+,l,σγ†−,lσ − eiσ
pi
2 γ†−,l−1,σγ
†
+,l+1,σ + e
iσ pi2 γ†+,l,σγ
†
+,l+1,σ
2
)
(A12)
×
(
eiσ
pi
2 γ†−,m−1,σγ
†
−,mσ − eiσ
pi
2 γ†−,m−1,σγ
†
+,m+1σ − γ†+,mσγ†−,mσ + γ†+,mσγ†+,m+1σ
2
)}
A†s,s′ |0〉
(A13)
8where
A†s,s′ =

L−1∏
j 6={l−1,l,m−1,m}
∏
σ
A†j,j+1,σ
 γ†+,1sγ†−,Ls′ , (A14)
is the operator which is not affected by neither the string nor by the spin operators T zl T
z
m. Then, operating with
T zl T
z
m on the state e
ipi
∑j=m−1
j=l+1 T
z
j |ψ0 (s, s′)〉 and using Eq. (A6) yields
|φl,m,s,s′〉 ≡ T zl T zmeipi
∑j=m−1
j=l+1 T
z
j |ψ0 (s, s′)〉 ,
=
1
4
{[(
γ†−,l−1,↑γ
†
−,l↑ − 2γ†+,l,↑γ†−,l↑ + ei
pi
2 γ†+,l,↑γ
†
+,l+1,↑
2
)
A†l−1,l,↓A
†
l,l+1,↓
−A†l−1,l,↑A†l,l+1,↑
(
γ†−,l−1,↓γ
†
−,l↓ − 2γ†+,l,↓γ†−,l↓ + e−i
pi
2 γ†+,l,↓γ
†
+,l+1,↓
2
)]
×
[(
ei
pi
2 γ†−,m−1,↑γ
†
−,m↑ − 2γ†+,m↑γ†−,m↑ + γ†+,m↑γ†+,m+1↑
2
)
A†m−1,m,↓A
†
m,m+1,↓
−A†m−1,m,↑A†m,m+1,↑
(
e−i
pi
2 γ†−,m−1,↓γ
†
−,m↓ − 2γ†+,m↓γ†−,m↓ + γ†+,m↓γ†+,m+1↓
2
)]}
A†s,s′ |0〉
Finally, we compute the string-order correlator as
Ozstring (l −m) = −〈ψ0 (s, s′)|T zl eipi
∑
l<j<m T
z
j T zm |ψ0 (s, s′)〉 ,
= −〈ψ0 (s, s′) |φl,m,s,s′〉 .
Using the fact that the operators Aj,j+1,σ, A
†
j,j+1,σ anticommute with all other operators Ak,k+1,σ, A
†
k,k+1,σ with
j 6= k, it is easy to see that Aj,j+1,σ and A†j,j+1,σ cancels out, since
(
Aj,j+1,σA
†
j,j+1,σ
)
|0〉 = |0〉 . Then, projecting
|φl,m,s,s′〉 onto |ψ0 (s, s′)〉 yields
Ozstring (l −m) = −〈ψ0 (s, s′) |φl,m,s,s′〉 ,
= −1
4
〈0|
{[
(Al,l+1,↑Al−1,l,↑)
(
γ†−,l−1,↑γ
†
−,l↑ − 2γ†+,l,↑γ†−,l↑ + ei
pi
2 γ†+,l,↑γ
†
+,l+1,↑
2
)
− (Al,l+1,↓Al−1,l,↓)
(
γ†−,l−1,↓γ
†
−,l↓ − 2γ†+,l,↓γ†−,l↓ + e−i
pi
2 γ†+,l,↓γ
†
+,l+1,↓
2
)]
×
[
(Am,m+1,↑Am−1,m,↑)
(
ei
pi
2 γ†−,m−1,↑γ
†
−,m↑ − 2γ†+,m↑γ†−,m↑ + γ†+,m↑γ†+,m+1↑
2
)
− (Am,m+1,↓Am−1,m,↓)
(
e−i
pi
2 γ†−,m−1,↓γ
†
−,m↓ − 2γ†+,m↓γ†−,m↓ + γ†+,m↓γ†+,m+1↓
2
)]}
|0〉 ,
= −
{(
3 + ei
pi
2
)− (3 + e−ipi2 )
8
}2
,
=
1
16
(for |l −m| > 2), (A15)
as mentioned in the main text. It is interesting to note that all the effect of the string is encoded by the phase factors
e±i
pi
2 . Should the string was not there, i.e., if we compute the spin-spin correlator
Cz (l −m) ≡ 〈ψ0 (s, s′)|T zl T zm |ψ0 (s, s′)〉 (A16)
9the only change would be to replace the factors e±i
pi
2 → 1 in the above Eq. (A15) [see also Eq. (A8)]. In that case,
we would obtain
Cz (l −m) =
{
(3 + 1)− (3 + 1)
8
}2
= 0, (for |l −m| > 2) (A17)
as expected, since the system has no net magnetic moments.
